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The strong mixing of many-electron basis states in excited atoms and ions with open f shells
results in very large numbers of complex, chaotic eigenstates that cannot be computed to any
degree of accuracy. Describing the processes which involve such states requires the use of a statistical
theory. Electron capture into these ‘compound resonances’ leads to electron-ion recombination rates
that are orders of magnitude greater than those of direct, radiative recombination, and cannot be
described by standard theories of dielectronic recombination. Previous statistical theories considered
this as a two-electron capture process which populates a pair of single-particle orbitals, followed by
‘spreading’ of the two-electron states into chaotically mixed eigenstates. This method is similar to
a configuration-average approach, as it neglects potentially important effects of spectator electrons
and conservation of total angular momentum. In this work we develop a statistical theory which
considers electron capture into ‘doorway’ states with definite angular momentum obtained by the
configuration interaction method. We apply this approach to electron recombination with W20+,
considering 2 million doorway states. Despite strong effects from the spectator electrons, we find
that the results of the earlier theories largely hold. Finally, we extract the fluorescence yield (the
probability of photoemission and hence recombination) by comparison with experiment.
I. INTRODUCTION
Many-body quantum chaos occurs in the excited states
of all medium and heavy nuclei [1, 2], e.g., the states
formed by neutron capture, known as compound reso-
nances. It is also typical in atoms and ions with open f
shells. In particular, their excitation spectra demonstrate
characteristic Wigner-Dyson level spacing statistics, and
the statistics of electromagnetic transition amplitudes is
close to Gaussian; both are signatures of quantum chaos
[3–6]. It has been shown that the chaotic mixing of many-
electron excited configuration states in such atoms and
ions leads to eigenstates that cannot be described using
an ‘exact’ theory [3]. Precise description of these chaotic
eigenstates is impossible even in principle, since any mi-
nor perturbation (e.g., higher-order correlation correc-
tions or relativistic effects, or neglected interaction with
the environment) would lead to radically different mix-
ing of the basis states, due to exponentially small level
spacings. In such cases a theory expressed in terms of the
exact eigenstates of the Hamiltonian cannot be applied.
Instead, the properties of these systems can be de-
scribed using a statistical theory of finite quantum sys-
tems. This is analogous to classical statistical theories
such as the thermodynamics of a hot gas: while the mo-
tion of any individual particle cannot be known, the bulk
properties such as temperature and pressure can readily
be understood by averaging over the many microscopic
states corresponding to a small energy interval. Simi-
larly, without an exact description of the compound res-
onances that describe our system, we can nevertheless
calculate properties such as ionization, recombination,
and scattering cross sections, using a quantum statistical
theory that averages over a small energy interval con-
taining many resonances. The energy spacing between
the compound resonances is usually very small (in our
example ion W19+ it is < 10−6 eV) so in experiments
this averaging appears naturally. Earlier papers [7, 8]
and reviews [9, 10] present the development of the sta-
tistical theory for the matrix elements between chaotic
compound states. This theory enables one to calculate
mean values of orbital occupation numbers, squared elec-
tromagnetic amplitudes, electronic and electromagnetic
widths and enhancement of weak interactions in chaotic
excited states of nuclei, atoms and multicharged ions [3–
13].
One use of the statistical theory has been to under-
stand the properties of ions with open f -shells. We will
consider one of these processes in detail: the recombina-
tion of W20+ with an incident electron to form W19+ [14].
Tungsten is a major candidate for the plasma facing com-
ponents of ITER and future fusion reactors, and pro-
cesses involving highly-charged tungsten ion are critical
for the properties of fusion plasmas [15]. In the recombi-
nation process the incident electron excites one or more
target electrons to form a quasistationary resonant state
(in simple systems this is a doubly-excited state), which
then emits a photon, completing the radiative electron
capture [16]. Consideration of this system was motivated
by an extant discrepancy, that the measured recombina-
tion cross section was much larger than those predicted
by very extensive calculations [17], particularly close to
the ionization threshold (i.e., for low incident electron en-
ergies). Use of a statistical description of the compound
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2resonances resolved the discrepancy [11, 18]. A similar
enhancement of the recombination due to compound res-
onances was found earlier in the isoelectric ion Au25+ [19]
and explained by the statistical theory [5].
Statistical theory calculations consider the problem
as electron capture into “doorway” dielectronic states,
which then spread into chaotic compound resonances due
to residual interaction with other valence electrons. This
leads to long-time trapping of the incident electron, al-
lowing for the radiative decay to complete the recom-
bination process. Of essential importance is that once
the compound resonance has formed, the energy is dis-
tributed amongst the many valence electrons, strongly
reducing the probability of autoionization and boosting
the probability of photoemission and ultimate recombi-
nation to be essentially unity (at least near the ionization
threshold). Therefore, the problem reduces to calcula-
tion of capture into the doorway states, or equivalently,
the autoionization rate of the doorways. Further discus-
sion of the role of doorway states in stochastic processes
in quantum chaotic systems including atoms, molecules,
and nuclei can be found in [20].
Earlier statistical theories [5, 11, 18] treated this prob-
lem by combining a many-body theory approach for the
calculation of the amplitude for the two active electrons
to populate various single-particle orbitals, with the idea
of spreading of the two-electron states into chaotic many-
electron eigenstates (i.e., compound resonances). The
latter process was parameterized through its rate (known
as the spreading width Γspr), that was estimated by con-
structing limited configuration-interaction Hamiltonian
matrices. In what follows we refer to this approach as
MBQC (for ‘many-body quantum chaos’) statistical the-
ory. The above treatment of the dielectronic part of the
problem can be described as a ‘configuration average’
approach. We defer details to the next section, but in
summary, the doorways into the compound resonances
were treated using two-electron wavefunctions, while the
remaining electrons (e.g., 4f7 in W19+) were treated as
‘spectators’, that formed a spherically-symmetric frozen
core, and remained unchanged between the target and
doorway states. Our aim is to test this assumption.
In this work we present a ‘level-resolved’ quantum sta-
tistical theory in which the doorway wavefunctions in-
clude the spectator electrons of the open f -shell and are
constructed with full account of the total angular mo-
mentum of the system. We compare the electron capture
cross sections calculated using our level-resolved theory
with those of the configuration-averaged MBQC theory.
In particular, we examine the effect of the 4f7 core on
the autoionization rates of the W19+ doorways. We show
that, despite the strong doorway-selectivity enforced by
the 4f7 electrons, when integrating over all doorways the
effect of this core can be neglected in calculation of the
capture cross section.
II. THEORY
In atomic systems that do not exhibit quantum chaotic
eigenstates which involve many active electrons, recom-
bination with a target Aq+ is usually considered as a sum
of direct, radiative recombination (RR) and dielectronic
recombination (DR). The latter is a two stage process in
which an incident electron is captured into a dielectronic
resonance of the compound ion, with accompanying pro-
motion of one of the valence electrons in the target,
Aq+ + e− → A(q−1)+∗∗. (1)
This is followed by either autoionization, in which case
there is no recombination, or radiative relaxation to a
level below the ionization threshold, which completes the
recombination. The DR process often dominates over the
single-electron RR mechanism. Experimentally, much
progress has been made due to the use of ion storage
rings and electron-beam ion traps (EBITs) [21–23]. On
the theory side, a number of computational approaches
have been used successfully to describe DR for many sim-
pler ions and to produce data for plasma modelling (see
[24–34] and references therein).
For more complex targets such as Au25+, U28+, or
W20+ considered in this work, conventional DR calcu-
lations underestimate the measured recombination rates,
particularly at low incident-electron energy [17, 35]. Ex-
periment shows that the recombination rates at low (∼
1 eV) electron energies in these ions exceed the direct RR
rates by two orders of magnitude or more. At the same
time the measured rates do not show the sharp resonance
structure normally associated with DR [14, 19, 36].
The MBQC statistical theory quantitatively explains
the discrepancy as being due to a very dense spectrum of
compound resonances: multiply excited, strongly mixed,
chaotic many-electron eigenstates. Note that this situa-
tion is distinct from trielectronic recombination (i.e., via
resonances with three excited electrons) that has been ex-
perimentally observed in Be-like ions (N3+, O4+, Cl13+)
[37, 38]. In these systems electron capture into a Ryd-
berg state was accompanied by simultaneous 2s2 → 2p2
promotions. Trielectronic and quadruelectronic recombi-
nation involving resonances with inner-shell excitations
was also observed in Li-like to N-like ions of Ar, Fe and
Kr [39–41]. However, in the case of chaotic compound
resonances one cannot separate out contributions of di-
electronic, trielectronic or any other specific resonances
with a fixed number of excited electrons. Indeed, a com-
pound state is a chaotic mixture of the states with two,
three, four and even five excited electrons, and contri-
butions from all of these configurations are mixed and
interfere in the capture amplitude.
Nevertheless, the dielectronic states play a special role.
In the temporal picture, after the capture process (1),
the dielectronic excitation, which is not an eigenstate of
the Hamiltonian, redistributes its energy by populating
nearby eigenstates. This can be thought of as a ‘chain re-
action’ in which the excited electrons collide with ground-
3state electrons and excite them. Alternatively, this can
be thought of as state mixing in the Hilbert space, lead-
ing to “spreading” of the initial state and distribution of
the expansion coefficients in the exact Hamiltonian basis
(i.e., that of the compound resonances).
After this process has occurred, the initial electron en-
ergy is distributed amongst a great number of excited
electrons. In a classical picture one can imagine that the
probability of any one electron gathering enough energy
to overcome the ionization barrier and escape is small.
(This is the ‘trapped billiards’ picture used by Bohr to
explain the effect of compound resonances in nuclei [42].)
From a quantum perspective, there are many channels
open for radiative decay, and relatively few available for
autoionization. In any case, after the internal ‘spreading’
decay of the dielectronic state, the probability of autoion-
ization is strongly suppressed. This is in stark contrast to
the standard DR in simple ions where the autoionization
rate is typically much larger than the radiative rate.
A more sophisticated treatment of the radiative rate
within the quantum statistical theory is provided in [18],
where the fluorescence yield wf (i.e., the relative proba-
bility of photoemission) was calculated for incident elec-
tron energies ε ≤ 120 eV. It was found that wf ∼ 1
for ε → 0, but its value quickly drops to around 0.2 for
ε & 15 eV. This work is concerned with the electron cap-
ture cross section, and we defer complete consideration
of the fluorescence yield to a later study. Rather, we will
extract the fluorescence yield by comparison of our cap-
ture cross section with experiment. The basic equations
used to describe resonant recombination are given in the
Appendix. Note that in this work we use atomic units
unless otherwise stated, and all energies are taken with
respect to the W19+ ionization threshold, Ei.
A. Statistical theory of electron capture into
compound resonances
Let us write the resonant recombination cross section
(A.8) in the following form:
σ =
2pi2
k2
∑
ν
(2Jν + 1)
2(2Ji + 1)
Γ
(a)
νi Γ
(r)
ν
Γν
1
2pi
Γν
(ε− εν)2 + Γ2ν/4
(2)
where i indicates the initial target state, the sum is over
resonances ν with energy εν (relative to ionization thresh-
old), Γ
(a)
νi is the autoionization width ν → i (or equiva-
lently the capture width i→ ν), Γ(r)ν is the total radiative
decay width, and Γν is the total width of the resonance
including all autoionization and radiative decay channels.
If the fluorescence yield
ω
(ν)
f =
Γ
(r)
ν
Γν
(3)
does not change significantly among the resonances, it
can be factored out as σ = ωf (ε)σc, where
σc =
pi2
k2
∑
ν
(2Jν + 1)
(2Ji + 1)
Γ
(a)
νi
1
2pi
Γν
(ε− εν)2 + Γ2ν/4
(4)
is the capture cross section.
When the mixing is strong, each eigenstate
|ν〉 =
∑
k
C
(ν)
k |ϕk〉 (5)
contains a large number N of principal components |ϕk〉,
i.e., basis states for which the expansion coefficients have
typical values C
(ν)
k ∼ 1/
√
N [note the normalization con-
dition Eq. (7)]. The number of principal components can
be estimated as N ∼ Γspr/D, where D is the mean level
spacing between the basis states (or eigenstates). Such
eigenstates are called compound states. Owing to the
strong mixing, the only good quantum numbers that can
be used to classify the eigenstates, are the exactly con-
served total angular momentum, its projection and par-
ity JpiM . The basis set in (5) is formed by constructing
linear combinations of Slater determinants, which give
eigenstates of Jˆ2 and Jˆz with eigenvalues J(J+1) and M ,
respectively. Such basis states ϕk with definite J and M
are known as configuration state functions (CSFs). Ow-
ing to the chaotic nature of the eigenstates, the capture
cross section can be statistically averaged by substitut-
ing expansion (5) into (4), and using the properties of
the expansion coefficients, C
(ν)
k C
∗(ν)
k′ = |C(ν)k |2δkk′ . A
full exploration of the statistical properties of the mixing
coefficients C
(ν)
k can be found in [11].
The energies Ek = 〈ϕk|Hˆ|ϕk〉 of the principal ba-
sis components lie within the spreading width of the
eigenenergy Eν of the compound state, |Ek−Eν | . Γspr.
The components outside the spreading width decrease
quickly, so that they do not contribute much to the nor-
malization. For Ek −Eν ≈ const, the components of the
chaotic eigenstates have the statistics of Gaussian ran-
dom variables with zero mean. The variation of their
mean-squared value with energy is described well by the
Breit-Wigner profile,∣∣C(ν)k ∣∣2 = N−1 Γ2spr/4(Ek − Eν)2 + Γ2spr/4 , (6)
with N = piΓspr/2DJν fixed by normalization∑
k
∣∣C(ν)k ∣∣2 ' ∫ ∣∣C(ν)k ∣∣2dEk/DJν = 1 . (7)
In fact Eq. (6) implies that the system is ergodic: all
components near a given energy that have the same ex-
act quantum numbers (Jpi, M) are mixed with the same
average weight.
The sum in Eq. (4) is over the resonances with different
J , and we can consider the contribution of each J sepa-
rately. For a fixed J , the sum over the dense spectrum
4of resonance energies Eν can be replaced by integration,
∑
ν
−→
∫
dEν
DJ
. (8)
Consequently we obtain the statistical capture cross sec-
tion as a sum over the CSF basis states,
σc =
pi2
k2
∑
k
(2Jk + 1)
(2Ji + 1)
Γ
(a)
ki
1
2pi
Γspr
(ε− εk)2 + Γ2spr/4
(9)
where εk = Ek − Ei and
Γ
(a)
ki = 2pi
∑
jl
|〈(εkjl; Ji)JkMk|Vˆ |ϕk〉|2 . (10)
The total capture strength of any electronic configu-
ration τ is proportional to the sum over all CSFs k that
belong to configuration τ ,
Sτ (ε) =
∑
k∈τ
2Jk + 1
2Ji + 1
Γ
(a)
ki
1
2pi
Γspr
(ε− εk)2 + Γ2spr/4
. (11)
The integral strength
Iτ =
∫
Sτ (ε)dε =
∑
k∈τ
2Jk + 1
2Ji + 1
Γ
(a)
ki , (12)
is determined by the autoionization widths (10). Com-
paring with Eq. (9) we see that Sτ (ε) gives the contri-
bution of configuration τ to the reduced capture cross
section σck
2/pi2.
B. Configuration-averaged statistical theory
A further approximation may be made as the two-body
Coulomb interaction has non-zero value only between the
determinants which differ from the target and incident by
most two orbitals (the doorways). These configurations
may be written in the single-particle basis as τ → αβγ−1.
We treat these as the only active electrons, assuming that
all other electrons are spectators. We construct CSFs k
within τ and perform the summation over all Jk for a
single multiplet within (9):∑
Jk
(2Jk + 1)|〈(εjl; γ)JkMk|V |(α;β)JkMk〉|2
=
∑
λ
Xλ[εγαβ]
2
2λ+ 1
+
∑
λλ′
{
jγ
j
jβ
jα
λ
λ′
}
Xλ[εγαβ]Xλ′ [εγβα]
+ α↔ β , (13)
where the Coulomb matrix element is
Xλ[cγαβ] =(−1)λ+jc+jγ+1
√
[jc][jα][jγ ][jβ ] (14)
× ξ(lc + lα + λ)ξ(lγ + lβ + λ)
×
(
λ
0
jc
− 12
jα
1
2
)(
λ
0
jγ
− 12
jβ
1
2
)
Rλ(cγαβ) ,
ξ(L) = [1 + (−1)L]/2 is the parity factor, [j] = 2j + 1,
and
Rλ(cγαβ) =
∫∫
rλ<
rλ+1>
[fc(r)fα(r) + gc(r)gα(r)]
× [fγ(r′)fβ(r′) + gγ(r′)gβ(r′)]drdr′
is the radial Coulomb integral, f and g being the upper
and lower components of the relativistic orbital spinors.
The final configuration-averaged capture cross section
is obtained as
σCAc (ε) =
pi2
k2
∑
αβγ
∑
jl
[∑
λ
Xλ[εγαβ]
2
2λ+ 1
+
∑
λλ′
{
jγ
j
jβ
jα
λ
λ′
}
Xλ[εγαβ]Xλ′ [εγβα] + α↔ β
]
× nγ
[jγ ]
(
1− nα
[jα]
)(
1− nβ
[jβ ]
)
Γspr
(ε− εαβγ−1)2 + Γ2spr/4
(15)
Here nα, nβ and nγ are the occupation numbers of
the corresponding subshells (ranging from 0 to 2jα + 1,
etc). The energy εαβγ−1 is the energy for the resonance
(relative to the W19+ ionization threshold). In [5, 11]
the resonance energy used is the single-particle energy
εαβγ−1 = εα + εβ − εγ , while in this work we present
our configuration-averaged statistical theory using the
configuration-averaged energy of a relativistic configura-
tion [4]
ECAi = Ecore +
∑
a
ana +
∑
a≤b
na(nb − δab)
1 + δab
Uab (16)
where a is the single-particle energy of orbital a in the
field of the core, and Uab is the average of Coulomb ma-
5trix elements for the electrons in orbitals a and b:
Uab =
[ja]
[ja]− δab
[
R0(abab)
−
∑
λ
ξ(la + lb + λ)Rλ(abba)
(
ja
1
2
jb
− 12
λ
0
)2 ]
.
The number of states in each relativistic configuration is
Ni =
∏
a
[ja]!
na!([ja]− na)! . (17)
From (15) we also define configuration-averaged cap-
ture strengths SCAτ (ε) and I
CA
τ analagously to those of
the level-resolved case, i.e. SCAτ (ε) = σ
CA
c k
2/pi2 where
the first sum only runs over a single configuration τ =
αβγ−1.
Equation (15) is identical to the MBQC theory for-
mula used in [5, 11, 18]. The form of Eq. (15) is similar
to the expressions which emerge in the so-called average-
configuration approximation [43]. The difference between
the two approaches is that in a system with chaotic eigen-
states, the averaging that leads to (15) occurs naturally
due to the strong configuration mixing, rather then being
introduced by hand to simplify the calculations. In this
work we refer to it as the configuration-averaged (CA)
statistical theory, to distinguish it from the level-resolved
(Jpi) calculation (9) that we will now elucidate.
III. CALCULATIONS
For the level-resolved MBQC calculation of Eq. (9)
we used configuration interaction (CI) to calculate the
energies and wavefunctions of 2 014 212 excited levels of
W19+, from which we calculate capture widths from the
W20+ ground state. The levels correspond to 63 configu-
rations with configuration-average energies in the range
−13 to 114 eV (relative to the W19+ ionization energy).
They are also doorway states for the W20+ + e− recom-
bination process, i.e., they are dielectronic excitations of
W19+. All such doorway states have one hole in either
the 4d10 or 4f8 shells.
Because diagonalization of the complete Hamiltonian
is not practical for this system, each CI Hamiltonian
includes all CSFs corresponding to one configuration
(which may include many relativistic configurations) and
one (Jpi, M) symmetry. While the latter is exact for the
Coulomb interaction (which does not mix states of dif-
ferent symmetries), the former constraint must be jus-
tified in the context of the statistical theory. In fact,
such a choice models precisely the capture cross section
into the doorway states (which are not compound reso-
nances), exactly as required by the statistical theory. In
the following we denote these levels by the subscript n.
These are not just the CSFs of Section II A, but rather
include CI mixing among all CSFs k corresponding to
a configuration. The largest Hamiltonian matrix diago-
nalised in this work was for the 4d−1 4f8 5p 5f configura-
tion with J = 9/2: the number of CSFs (and hence the
matrix size) in this case is 25 112. An improvement on
this method would be to include all dielectronic excita-
tions with a given symmetry into a single CI calculation.
Of course even this is computationally difficult, and the
overall strength would be unchanged once a sum over
all such doorways is performed. The major difference of
such a method would be to shift the energies of the levels
(within Γspr, and typically by much less than Γspr), but
this effect is already modelled by the statistical theory
and the change in the continuum electron energy falls
within our approximation Γ
(a)
νi → Γ(a)ki (Section II A).
In this work the single-orbital basis functions and the
continuum wavefunctions are both calculated in the V N
potential of the target ion. The target orbitals are con-
structed by solving the relativistic Hartree-Fock equa-
tions for the configuration [Kr] 4d10 4f8. The open 4f -
shell is treated by scaling the corresponding interactions
for the closed shell by the factor 8/14. We then use B-
splines [44] to calculate excited states up to 8spdfg; the
results obtained with this basis are very close to those
of excited Hartree-Fock orbitals. We found that the elec-
tron capture strengths are saturated when continuum or-
bitals with l ≤ 6 are included. Finally, to speed up our
calculations of Eq. (10) we used a grid of continuum func-
tions separated at 10 eV intervals and starting at 0.1 eV
above the ionization threshold. Thus, rather than calcu-
lating Γ
(a)
ni with continuum energy εn, we actually calcu-
late |〈(εgridjl; Ji)JkMk|Vˆ |ϕk〉|2 with εgrid being the grid
point closest to εn. The associated error is negligible,
since the matrix elements depend weakly on the energy
of the wavefunctions in the ionic Coulomb field, when
normalized to the δ-function of energy.
Our configuration-averaged cross sections are obtained
from Eq. (15) using the same single-particle orbitals as
the level-resolved calculation. We choose occupation
numbers of the target ground state based on a CI calcu-
lation of the target 4f8 manifold with J = 6, which gives
relativistic occupations 4fx5/2 4f
8−x
7/2 with x = 4.62714.
From these we generate the occupation numbers for the
4f orbitals of the doorways in Eqs. (15) and (16), sub-
tracting one from the relevant orbital depending on where
the hole is.
IV. RESULTS AND DISCUSSION
In this section we examine the results of our level-
resolved calculations described in Section III and com-
pare them with results obtained from the configuration-
averaged MBQC statistical theory (Section II B) per-
formed with the same single-particle orbital basis.
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FIG. 1. Autoionization widths Γ
(a)
νi for J = 11/2 levels
of the configuration 4f76s 6d. (a) Capture from the ground
state 4f8 J = 6; (b) Capture from the 18th excited state in
the 4f8 J = 6 manifold; (c) Capture from the 37th (highest)
excited state in the 4f8 J = 6 manifold.
A. Effect of conformation of the 4f ‘spectator’
electrons
One immediately noticeable effect in the level-resolved
calculation is that levels with lower energies within a sin-
gle configuration tend to have larger capture widths. A
typical example is seen in Fig. 1(a), which shows the
strengths of all 780 levels of the 4f76s 6d configuration
with J = 11/2. Note the logarithmic scale on the verti-
cal axis: different levels of the same configuration with
the same J have widths that differ by up to 8 orders of
magnitude.
This trend is apparently due to the effect of the 4f7
core which, rather than being a ‘spherical’ potential as
in the configuration-averaged model, actually has a large
number of possible “conformations”. Levels where the
4f7 spectators are coupled in a way most similar to those
of the target, maximise the capture strength, and these
same conformations tend to have lower energy by virtue
of the fact that the target ground state is a low-energy
conformation. We tested this understanding by calculat-
ing the autonionization widths for different states of the
4f8 configuration with J = 6 (there are 38 such levels).
The results in Fig. 1(c) correspond to the target being
in the highest-energy 4f8 conformation, and the trend
of Fig. 1(a) is entirely reversed: the highest energy lev-
els of the 4f76s 6d (J = 6) configuration now have the
largest strengths. Fig. 1(b) shows the strengths of cap-
ture from the 18th excited level of the same manifold,
which favours conformations with energies around the
middle of the possible range. Thus we see that electron
coupling within the 4f7 core has a very large effect on
the capture cross section.
B. Effect of angular momentum
In our level-resolved calculation we limit the orbital an-
gular momentum of the continuum (incoming) electron
to l ≤ 6 (i.e., j ≤ 13/2). Since the W20+ target ground
state has J = 6, only resonances with 1/2 ≤ Jn ≤ 25/2
contribute. The different values of Jn contribute in dif-
ferent ways to the integrated strength of a configuration
Iτ . In Fig. 2 we show these contributions for two differ-
ent configurations with vastly different integral strengths.
The configuration 4f75f 6f is one of the largest contrib-
utors to the total capture cross section in the range 0–
100 eV, while the configuration 4f76s 6d is much weaker.
They show rather different trends with Jn, but generally
we observe no strong dependence on the total angular
momentum, though usually the resonances with small or
large Jn do not contribute as much as those nearer to
J = 6.
C. Comparison of level-resolved and
configuration-averaged statistical theory
The capture strengths and doorway-state energies of
the level-resolved theory can be directly compared with
the configuration-averaged theory by examining the cap-
ture strengths Sτ (ε) (11) of individual configurations
from both calculations. The capture cross section is dom-
inated by a few configurations, and we show the compar-
ison between the two theories for these configurations in
Fig. 3. All other configurations are shown as grey lines
and we have not presented SCAτ (ε) for these. Note that
we take Γspr = 0.68 a.u. = 18.5 eV calculated in [11].
Fig. 3 shows good agreement between the two statisti-
cal theories. That is, despite the strong effect of the con-
formation of the spectator electrons and the complexity
introduced by angular momentum, when summed over
all levels the two theories are in remarkable agreement.
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FIG. 2. Contributions of states with different angular mo-
menta Jn to the capture strength Eq. (12) for different con-
figurations τ : (a) τ = 4f75f 6f ; (b) τ = 4f76s 6d.
In our discussion of the effect of the spectator electrons in
Section IV A we saw that levels with lower energies have
larger capture widths. This suggests that in the level-
resolved theory the peaks should be shifted to lower en-
ergies relative to the CA MBQC calculation, since the
greatest contribution is given by doorway states with
lower energies. Indeed, this is seen in Fig. 3, although
the difference is perhaps not as large as one might ex-
pect when considering the spread of level energies (see
Fig. 1). The reason for this is that part of the confor-
mation effect comes from the relativistic occupancy of
the target ground state. Our CI calculation of the tar-
get gives average occupancies 4f4.65/2 4f
3.4
7/2 (Sec. III), and
these are the occupancies nγ used in (15) and (16). Thus
the configuration-average calculation itself is shifted to
lower energies relative to the average energy of the reso-
nance levels, reducing the difference between the CA and
level-resolved calculations.
The total height of the peaks is generally smaller in the
case of the level-resolved (Jpi) theory. However, we find
that the total (integrated) strength Iτ always agrees with
the CA theory to within around 15%. Rather, the level
resolution in the Jpi theory spreads the capture strength
over a wider range of energy, broadening the peak while
maintaining the integrated strength. Thus while any in-
dividual configuration appears to be broader and lower
in the Jpi theory, when summed over all configurations,
the total capture cross section is almost unchanged.
The total reduced capture cross section σck
2/pi2 in the
different calculations is presented in Fig. 4. As would
be expected from the preceding discussion, we find good
agreement between our two theories over the entire range
from threshold to 100 eV (the solid line is level-resolved
and the dashed line is the CA MBQC calculation). As ex-
plained in Sec. III, we have only included configurations
where the CA energy lies between −13 and 113 eV. How-
ever, the Lorentz distribution is heavy-tailed, and with
Γspr = 18.5 eV configurations from outside this range
could have an effect if they possess particularly strong
capture cross sections. Therefore in Fig. 4 we include
another CA calculation (shown as the dot-dashed curve)
where configurations with energies in the range −100 to
200 eV are included. We see that indeed, there is some
contribution from configurations outside the range of our
main calculations. In Fig. 4 we also include the exper-
imental recombination data of [14]. Since in this paper
we have neglected the fluorescence yield, a direct com-
parison cannot be made except very close to threshold,
ε . 1 eV, where the radiative yield should be very close
to unity. We see that the calculated capture cross section
is still slightly below the experimental recombination rate
at very low energy. We note, however, that the statistical
theory cannot resolve individual sharp resonances, which
may occur close to threshold.
Using the data in Fig. 4 we can extract the fluorescence
yield ωf (see Eq. 3). As shown in [11], the fluorescence
yield can be approximated as
ωf (ε) ≈ 1
1 + aN(ε)
where N(ε) counts the number of autoionization chan-
nels open at an energy ε, that is, the number of W20+
target states with energy below ε. This form mimics the
increase of the autoionization width of the resonances vs
their radiative width. We have calculated N(ε) over our
range of interest using the same kind of level-resolved cal-
culation outlined in Sec. III, and find that using a = 0.012
leads to a good fit to experimental data over our energy
range (0 to 100 eV). In fact, we observe that over this
energy range N(ε) ∝ ε and find that ωf can be well ap-
proximated by using the considerably simpler function
ωf (ε) =
1
1 + b ε
(18)
with b = 0.124 eV−1. Multiplying our final capture cross
section by this factor leads to our final radiative recombi-
nation rate, which is compared with experiment in Fig. 5.
V. CONCLUSION
We have derived a level-resolved many-body quantum
chaos statistical theory of resonant electron capture in
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FIG. 3. (color online) Comparison of the level-resolved capture strength Sτ (ε) [Eq. (11), solid lines] and configuration-averaged
SCAτ (ε) (dashed lines) for six configurations τ which give the largest contribution to the capture cross section. Capture strengths
of other configurations are shown in grey (level-resolved calculation only). We take Γspr = 0.68 a.u. = 18.5 eV [11].
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FIG. 4. Total reduced capture cross section in
the level-resolved calculation (solid) and the configuration-
averaged calculation (dashed). The dot-dashed curve is
a configuration-average calculation including configurations
from a wider range of energy, from −100 to 200 eV. The dots
show the unaveraged experimental recombination data of [14].
highly charged ions that includes the effects of specta-
tor electrons and respects the total angular momentum
J of the resonances. We have calculated the energies
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FIG. 5. (color online) Recombination rate from experi-
ment [14] (black) and the theoretical results of this paper
(red). The latter is obtained by multiplying our capture rate
(dot-dashed line) with our extracted fluorescence yield (18).
and wavefunctions of 2.0×106 doubly excited doorway
states of W19+ in this level-resolved theory, and have
determined the capture cross section by the ground-state
W20+ target for each of these. We found rather strong de-
pendence on the conformation of the spectator electrons
9and a relatively weak dependence on the angular momen-
tum of the individual resonances. Nevertheless, we ob-
serve that when considering the sum over all resonances,
the configuration-average MBQC statistical theory used
in previous works [5, 11, 18] is robust with respect to
inclusion of these effects.
A reasonable course of calculation in the future would
be to first determine the most important configurations
using the configuration-average formulation of the sta-
tistical theory, and then perform a more accurate level-
resolved calculation on those that contribute the most to
the cross section. Not calculated in this work is the fluo-
rescence yield, ωf (3), which has a large influence on the
recombination rate at energies that are not very close to
threshold. In this case one might predict a stronger ef-
fect from the angular momentum quantum numbers due
to the selection rules in play. In the future our level-
resolved statistical theory can also be applied to other
processes where chaotic mixing plays an important role,
such as photo- and electron-impact ionization and scat-
tering processes in highly charged ions [20].
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Appendix: Theory of resonant recombination
The following derivation of the resonant recombination
cross section is based on the formulation of Ref. [45]. The
initial state (p, µ) describes the electron with momentum
p and helicity µ = σ ·p/2p = ±1/2 incident on the target
ion W20+ in the ground state |JiMi〉. Let us expand the
incident electron state in partial waves,
|p, µ〉 = (2pi)
3/2
√
p
∑
jlm
〈Ωjlm(pˆ)|χµ(pˆ)〉ileiδjl |εjlm〉,
(A.1)
where Ωjlm and χµ are spherical and ordinary spinors
and δjl is the scattering phase shift. The wave function
(A.1) is normalized so that 〈p′, µ′|p, µ〉 = (2pi)3δ(p′ −
p)δµ′µ and the radial functions are normalized to the
delta function of energy, 〈ε′j′l′m′|εjlm〉 = δ(ε′ −
ε)δj′jδl′lδm′m. The spinor matrix element in (A.1) is
〈Ωjlm(pˆ)|χµ(pˆ)〉 =
∑
λ
Cjm
lλ 12µ
Y ∗lλ(pˆ), (A.2)
where Cjm
lλ 12µ
is the Clebsh-Gordon coefficient and Ylλ is
the spherical harmonic.
In the independent-process approximation, the two
paths (direct radiative or resonant) for recombination are
summed incoherently. The amplitude of resonant recom-
bination is
A =
∑
ν
i
√
2piω/V 〈n|eq ·D|ν〉〈ν|Vˆ |p, µ; JiMi〉
Ei + ε− Eν + iΓν/2 , (A.3)
where eq and ω define the polarisation and frequency of
the photon, and Vˆ is the Coulomb interaction.The dipole
approximation D = −∑j erj is used for radiative tran-
sition. V is the quantisation volume for the electromag-
netic field, and Γν is the total width of the resonance
state |ν〉. The corresponding cross section is
σ =
2pi
p
∑
q,n
∫
|A|2δ(Ei + ε− ω − En)V ω
2dωdΩ
(2pic)3
(A.4)
In the isolated-resonance approximation, it can be writ-
ten as follows after integration over ω:
σ =
1
p
∑
q,n
∑
ν
∫
dΩ
ω3νn
2pic3
|eq · 〈n|D|ν〉|2|〈ν|Vˆ |p, µ; JiMi〉|2
(Ei + ε− Eν)2 + Γ2ν/4
(A.5)
Using the definition of autoionization width of the reso-
nance |ν〉
Γ
(a)
νi =
p
pi(2Jν + 1)
∑
MνMiµ
∫
dΩ
4pi
|〈p, µ; JiMi|Vˆ |ν〉|2
(A.6)
and the radiative width for transition to the final state
|n〉
Γ(r)νn =
1
(2Jν + 1)
∑
qMnMν
∫
dΩ
ω3νn
2pic3
|eq · 〈n|D|ν〉|2,
(A.7)
the final expression of the cross section is obtained as
σ =
pi
p2
∑
ν
(2Jν + 1)
2(2Ji + 1)
Γ
(a)
νi Γ
(r)
ν
(ε− εν)2 + Γ2ν/4
, (A.8)
where εν = Eν − Ei is the energy of the resonance with
respect to the threshold, and Γ
(r)
ν =
∑
n Γ
(r)
νn is the total
radiative width of the resonance.
Using the orthogonality relations of spherical harmon-
ics, ∫
dΩYlλ(pˆ)Y
∗
l′λ′(pˆ) = δll′δλλ′
and of Clebsh-Gordon coefficients,∑
µλ
Cjm
lλ 12µ
Cj
′m′
lλ 12µ
= δjj′δmm′
we obtain the autoionization formula
10
Γ
(a)
νi =
2pi
2Jν + 1
∑
MνMiµ
∫
dΩ
∣∣∣∣∣∣
∑
jlm
∑
λ
Cjm
lλ 12µ
Ylλ(pˆ)(−i)le−iδjl〈ενjlm; JiMi|Vˆ |ν〉
∣∣∣∣∣∣
2
=
2pi
2Jν + 1
∑
MνMi
∑
jlm
∣∣∣〈ενjlm; JiMi|Vˆ |ν〉∣∣∣2 . (A.9)
A further simplification is possible by coupling the con-
tinuum orbital |εjlm〉 with the target ground state
|JiMi〉 to construct the constant angular momentum
state |J,M〉:
|εjlm; JiMi〉 =
∑
JM
CJMjmJiMi |(εjl; Ji)JM〉. (A.10)
Substituting it in (A.9) provides the compact formula for
autoionization width:
Γ
(a)
νi = 2pi
∑
jl
|〈(ενjl; Ji)JνMν |Vˆ |ν〉|2 (A.11)
The radiative width (A.7) is also simplified by standard
manipulations to
Γ(r)νn =
1
2Jν + 1
∑
MνMn
4
3
(ωνn
c
)3
|〈JnMn|D|JνMν〉|2
=
1
2Jν + 1
4
3
(ωνn
c
)3
|〈Jn‖D‖Jν〉|2 (A.12)
where ωνn = Eν −En > 0 and 〈Jn‖D‖Jν〉 is the reduced
matrix element of the dipole transition.
[1] A. Bohr and B. Mottelson, Nuclear structure, Vol. 1
(Benjamin, New York, 1969).
[2] V. Zelevinsky, B. A. Brown, M. Frazier, and M. Horoi,
Phys. Rep. 276, 85 (1996).
[3] V. V. Flambaum, A. A. Gribakina, G. F. Gribakin, and
M. G. Kozlov, Phys. Rev. A 50, 267 (1994); V. V. Flam-
baum, A. A. Gribakina, and G. F. Gribakin, Phys. Rev.
A 54, 2066 (1996); 58, 230 (1998); A. A. Gribakina, V. V.
Flambaum, and G. F. Gribakin, Phys. Rev. E 52, 5667
(1995); V. V. Flambaum, A. A. Gribakina, G. F. Grib-
akin, and I. V. Ponomarev, Phys. Rev. E 57, 4933 (1998);
V. V. Flambaum, A. A. Gribakina, G. F. Gribakin, and
I. V. Ponomarev, Physica D 131, 205 (1999).
[4] G. F. Gribakin, A. A. Gribakina, and V. V. Flambaum,
Aust. J. Phys. 52, 443 (1999); see also physics/9811010.
[5] V. V. Flambaum, A. A. Gribakina, G. F. Gribakin, and
C. Harabati, Phys. Rev. A 66, 012713 (2002).
[6] G. F. Gribakin and S. Sahoo, J. Phys. B 36, 3349 (2003).
[7] V. V. Flambaum, Physica Scripta T 46, 198 (1993).
[8] V. V. Flambaum and O. K. Vorov, Phys. Rev. Lett. 70,
4051 (1993).
[9] V. V. Flambaum and G. F. Gribakin, Progress in Particle
and Nuclear Physics 35, 423 (1995).
[10] V. V. Flambaum and G. F. Gribakin, Philos. Mag. B 80,
2143 (2000).
[11] V. A. Dzuba, V. V. Flambaum, G. F. Gribakin, C. Hara-
bati, Phys. Rev. A 86, 022714 (2012).
[12] O. P. Sushkov, V. V. Flambaum. Usp. Fiz. Nauk. 136, 3
(1982) [Sov. Phys. Usp. 25, 1 (1982)].
[13] V. V. Flambaum, G. F. Gribakin, and F. M. Izrailev,
Phys. Rev. E 53, 5729 (1996); V. V. Flambaum, F. M.
Izrailev, and G. Casati, ibid. 54, 2136 (1996); V. V. Flam-
baum and F. M. Izrailev, ibid. 55, R13 (1997); 56, 5144
(1997); 61, 2539 (2000); 64, 036220 (2001); 64, 026124
(2001).
[14] S. Schippers, D. Bernhardt, A. Mu¨ller, C. Krantz, M.
Grieser, R. Repnow, A. Wolf, M. Lestinsky, M. Hahn,
O. Novotny´, and D. W. Savin, Phys. Rev. A 83, 012711
(2011).
[15] T. Pu¨tterich1, R. Neu, R. Dux, A. D. Whiteford, M. G.
OMullane and the ASDEX Upgrade Team, Plasma Phys.
Control. Fusion 50, 085016 (2008); R. Neu, V. Bobkov,
R. Dux, J. C. Fuchs, O. Gruber, A. Herrmann, A Kallen-
bach, H. Maier, M. Mayer, T. Pu¨tterich, V. Rohde, A.
C. C. Sips, J. Stober, K. Sugiyama, and ASDE Upgrade
Team, Phys. Scripta T138, 014038 (2009).
[16] H. S. W. Massey and D. R. Bates, Rep. Prog. Phys. 9,
62 (1942).
[17] N. R. Badnell, C. P. Ballance, D. C. Griffin, and
M. O’Mullane, Phys. Rev. A 85, 052716 (2012).
[18] V. A. Dzuba, V. V. Flambaum, G. F. Gribakin, C. Hara-
bati, and M. G. Kozlov, Phys. Rev. A 88, 062713 (2013).
[19] A. Hoffknecht, O. Uwira, S. Schennach, A. Frank, J.
Haselbauer, W. Spies, N. Angert, P. H. Mokler, R.
Becker, M. Kleinod, S. Schippers, and A. Mu¨ller, J. Phys.
B 31, 2415 (1998).
[20] V. V. Flambaum, M. G. Kozlov, and G. F. Gribakin,
Phys. Rev. A 91, 052704 (2015).
[21] A. Mu¨ller, Phil. Trans. R. Soc. London 357, 1279 (1999);
Adv. At. Mol. Phys. 55, 293 (2008).
[22] Y. Zou, J. R. Crespo Lo´pez-Urrutia, and J. Ullrich, Phys.
Rev. A 67, 042703 (2003).
[23] P. Beiersdorfer, Can. J. Phys. 86, 1 (2008).
[24] S. N. Nahar and A. K. Pradhan, Phys. Rev. A 49, 1816
(1994).
[25] Y. Hahn, Rep. Prog. Phys. 60, 691 (1997).
[26] E. Lindroth, H. Danared, P. Glans, Z. Pesic, M. Tok-
man, G. Vikor, and R. Schuch, Phys. Rev. Lett. 86, 5027
(2001)
[27] M. Tokman, N. Eklow, P. Glans, E. Lindroth, R. Schuch,
11
G. Gwinner, D. Schwalm, A. Wolf, A. Hoffknecht, A.
Mu¨ller, and S. Schippers, Phys. Rev. A 66, 012703
(2002).
[28] N. R. Badnell, M. G. O’Mullane, H. P. Summers, Z. Al-
tun, M. A. Bautista, J. Colgan, T. W. Gorczyca, D. M.
Mitnik, M. S. Pindzola and O. Zatsarinny, Astron. As-
trophys. 406, 1151 (2003).
[29] E. Behar, V. L. Jacobs, J. Oreg, A. Bar-Shalom, and S.
L. Haan, Phys. Rev. A 69, 022704 (2004).
[30] M. F. Gu, Can. J. Phys. 86, 675 (2008).
[31] D. Nikolic, T. W. Gorczyca and N. R. Badnell, Phys.
Rev. A 79, 012703 (2009).
[32] C P Ballance, S D Loch, M S Pindzola, and D C Griffin,
J. Phys. B 43, 205201 (2010).
[33] N. R. Badnell, Comput. Phys. Commun. 182, 1528
(2011).
[34] C P Ballance, D C Griffin, S D Loch, and N. R. Badnell,
J. Phys. B 45, 045001 (2012).
[35] D. M. Mitnik, M. S. Pindzola, F. Robicheaux, N. R. Bad-
nell, O. Uwira, A. Mu¨ller, A. Frank, J. Linkemann, W.
Spies, N. Angert, P. H. Mokler, R. Becker, M. Kleinod,
S. Ricz, and L. Empacher, Phys. Rev. A 57, 4365 (1998).
[36] O. Uwira, A. Mu¨ller, W. Spies, J. Linkemann, A. Frank,
T. Cramer, L. Empacher, R. Becker, M. Kleinod, P. H.
Mokler, J. Kenntner, A. Wolf, U. Schramm, T. Schussler,
D. Schwalm, and D. Habs, Hyperfine Interact. 99, 295
(1996).
[37] M. Schnell, G. Gwinner, N. R. Badnell, M. E. Bannister,
S. Bo¨hm, J. Colgan, S. Kieslich, S. D. Loch, D. Mitnik,
A. Mu¨ller, M. S. Pindzola, S. Schippers, D. Schwalm,
W. Shi, A. Wolf, and S.-G. Zhou, Phys. Rev. Lett. 91,
043001 (2003).
[38] M. Fogle, N. R. Badnell, P. Glans, S. D. Loch, S.
Madzunkov, Sh. A. Abdel-Naby, M. S. Pindzola, and R.
Schuch, Astron. Astrophys. 442, 757 (2005).
[39] C. Beilmann, O. Postavaru, L. H. Arntzen, R. Ginzel,
C. H. Keitel, V. Ma¨ckel, P. H. Mokler, M. C. Simon,
H. Tawara, I. I. Tupitsyn, J. Ullrich, J. R. Crespo Lo´pez-
Urrutia, and Z. Harman, Phys. Rev. A 80, 050702 (2009).
[40] C. Beilmann, P. H. Mokler, S. Bernitt, C. H. Keitel,
J. Ullrich, J. R. Crespo Lo´pez-Urrutia, and Z. Harman,
Phys. Rev. Lett. 107, 143201 (2011).
[41] C. Beilmann, Z. Harman, P. H. Mokler, S. Bernitt, C.
H. Keitel, J. Ullrich, and J. R. Crespo-Lo´pez-Urrutia,
Phys. Rev. A 88, 062706 (2013); see also arXiv:1306.1029
(2013).
[42] N. Bohr, Nature 137, 344 (1936).
[43] M. S. Pindzola, D. C. Griffin, and C. Bottcher, Atomic
processes in electron-ion and ion-ion collisions, NATO
ASI Series B: Physics, Vol. 145, edited by F. Brouillard
(Plenum Press, New York, 1986), p. 75.
[44] W. R. Johnson, S. A. Blundell, and J. Sapirstein, Phys.
Rev. A 37, 307 (1988).
[45] G. F. Gribakin, F. J. Currell, M. G. Kozlov, and A. I.
Mikhailov, Phys. Rev. A 72, 032109 (2005).
